In this paper the conjecture on kth lower multiexponent of primitive matrices proposed by R.A. Brualdi and Liu are partly proved.
Suppose X is a set of k vertices of a primitive digraph Γ . We define the exponent of the set X to be exp Γ (X) := min{p : for each vertex i of Γ , there exists a walk of length p from at least one vertex of X to i}.
where the minimum is taken over all subsets X of k vertices of Γ . f (Γ , k) is called the kth lower multiexponent of Γ .
where the maximum is taken over all primitive digraph Γ with n vertices.
Clearly f (A, k) = f (Γ , k), where Γ is the associated digraph of A.
First we establish a lemma.
Lemma 2.1 ([3]). Let digraph D t be the digraph with the same vertex set as D in which there is an arc from x to y if and only if there is a walk of length t from x to y in D. If D is a primitive digraph, then for any positive integer t, D t is also a primitive digraph.
Let D n be a primitive digraph with vertices 1, 2, . . . , n and arcs 1 → n → (n − 1) → · · · → 2 → 1 and 1 → (n − 1).D n is well-known as the Wielandt digraph. Here we present another important result about the multiexponent of the Wielandt digraph.
Theorem A (Brualdi-Liu [2] ). Let D n be the Wielandt digraph. Then
Theorem B ([1]). Let D be a primitive digraph of order n. D has a directed cycle of length s. For any integer k, if s
We see that if a primitive digraph D has a directed cycle of length s with
Thus, Conjecture 1 holds. In the following, we only have to consider the case k is less than the length of the shortest directed cycle of D.
Digraphs with a cycle whose length is divisible k
In this section we consider primitive digraphs with a directed cycle whose length is divisible k. Firstly we give a lemma. Lemma 3.1. Suppose Γ is a primitive digraph of order n, and s is the length of a directed cycle of Γ , 1 ≤ s < n and k|s. Then
Proof. Let C s be a directed cycle of length s of digraph Γ . Let X = {x 1 , x 2 , . . . , x k } be a set of k vertices in C s such that the distance between x i and x i+1 , where subscripts mod k, is s k (note that k|s). Since Γ is primitive and s < n, there exists a vertex of X , say x 1 , to be adjacent to z ∈ V (Γ ) \ V (C s ), namely there is an arc (x 1 , z).
Let Y be a set of vertices, which can be reached by a walk of length 1 from some vertex of X . Suppose x t is adjacent to 
Now let us prove the main result of this section. 
Note that
and it is decreasing for x ≥ n−1 k
, since (
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Combining Theorem A, we know that for any primitive digraph with n vertices and a cycle of length s, if k|s and 2 ≤ k ≤ n − 2, Conjecture 1 holds.
Digraphs with a primitive sub-graph
Let D * n,s be a digraph with n vertices and having just one (s + 1)-cycle and one s-cycle (see Fig. 1 ). We see that D * n,s is a primitive digraph.
Let m be a vertex of a digraph and t is a nonnegative integer. Let R t (m) denote the set which can be reached from m by a directed walk of length t. For each pair u, v of vertices in digraph D we use u t → v if there is a directed walk of length t from u to v. 
Proof. 
By Lemmas 4.1 and 4.2, we have
If i j − (n − s) + r is negative or zero, then it is written as s + i j − (n − s) + r and n + i j − (n − s) + r in R n−s+s(q−1) (i j ). For example, R n−s+s(q−1) (i 1 ) = {2s − n + 1, 2s − n + 2, . . . , 2s − n + q − 1} ∪ {s + 1, s + 2, . . . , s + 1 + q − 1} if s + q ≤ n − 1 and R n−s+s(q−1) (i 1 ) = {2s − n + 1, 2s − n + 2, . . . , s − 1} ∪ {s + 1, s + 2, . . . , n − 1} ∪ {1, 2, . . . , s + q − n}, otherwise.
We see the vertices in a set Y = {i j − (n − s) − 1 : 2 ≤ j ≤ l + 1} can't be reached from any vertex of X by a walk of length n − s + s(q − 1). Let Y = {1, 2, . . . , n}/Y . We should prove that for any vertex i of D * n,s , there is a walk of length
We consider the following two cases:
Since there are walks of length l(q + 1) from vertex i j − (n − s) − 2 to vertex 2s − n − (l − j + 1)(q + 1) and from vertex i j − (n − s) to vertex 2s − n − (l − j + 1)(q + 1) + 1, respectively. Hence R l(q+1) (Y ) = {1, 2, . . . , n}.
Case 2 : q−1 < n−s. Then some vertices of {2s−n+2, 2s−n+3, . . . , s, s+1, s+2, . . . , n} are contained in Y . For m ∈ Y and if 1 ≤ m ≤ l(q + 1) − (n − s) − 1, then from Case 1 the vertices that can be reached from m by a walk of length l(q + 1) also can be reached from m − 1 or m + 1, respectively. For m ∈ Y and if m ∈ {2s − n + 2, 2s − n + 3, . . . , s, s + 2, . . . , n}, without loss of generality, supposing that m ∈ {2s − n + 2, 2s − n + 3, . . . , s}, then m + n − s ∈ {s + 2, s + 3, . . . , n} and
On the other hand m + 1 ∈ Y and m + 1 ∈ {2s − n + 2, 2s − n + 3, . . . , s} ∪ {1}. We have R l(q+1) (m
To
Since vertex s + 1 can only be reached from vertex l(q + 1) − (n − s) − 1 by a walk of length l(q + 1) − 1 and 
there is a vertex can't be reached by any vertex of X * by a walk of
In the following we prove that there is some 1 ≤ i ≤ p such that the distance between u i and u i−1 is 1. If it is not true, by Lemma 4.3,
We have 1 ∈ X * and it yields that u 1 ≥ q − (n − s) + 1. Thus, 
